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Abstract
The non-commutative differential calculus on quantum groups can
be extended by introducing, in analogy with the classical case, inner
product operators and Lie derivatives. For the case of GLq(n) we show
how this extended calculus induces by coaction a similar extended
calculus, covariant under GLq(n), on the quantum plane. In this way,
inner product operators and Lie derivatives can be introduced on the
plane as well. The situation with other quantum groups and quantum
spaces is briefly discussed. Explicit formulas are given for the two
dimensional quantum plane.
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1 Introduction
The differential calculus on quantum groups [13, 14] involves functions on the
group, differentials, differential forms and derivatives. The basic differential
operator d satisfies the standard properties such as linearity, (d1) = 0, d2 = 0
and the undeformed Leibniz rule:
(dfg) = (df)g + (−1)kf(dg) , (1)
where k is the degree of the form f . As shown explicitly for GLq(n) in [9],
this calculus can be extended by the introduction of inner product operators
iX in terms of which Lie derivatives are given by the undeformed formula:
£X = diX + iXd, (2)
valid for forms of any degree.
The covariant differential calculus on the quantum plane similarly involves
functions, differentials, differential forms and derivatives. The differential
operator d on the plane satisfies again the standard undeformed properties
such as (1). It is natural to ask whether the calculus on the plane can also be
extended by the introduction of inner product operators and Lie derivatives
related to each other by a formula analogous to (2). In this paper we show
that this is indeed possible and that the extended calculus on the plane can
actually be considered as being induced by the extended calculus on the
group GLq(n) under which the quantum plane is covariant.
For differentiable manifolds, the introduction of the inner product opera-
tor and its relation (2) with the Lie derivative provided a kind of algebraiza-
tion of the differential calculus. We find it pleasing that the same undeformed
relations (1) and (2) are valid in the more clearly algebraic context of non-
commutative calculus.
The extended calculus on the plane can also be established independently,
without reference to that on GLq(n). It represents an appropriate combina-
tion of a bosonic and a fermionic quantum calculus on the plane [5, 6, 15],
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the differentials being fermionic and the inner product operators fermionic
derivatives with respect to the differentials. The formulas expressing opera-
tions on the quantum group in terms of operations on the plane provide then
a realization of the former on the plane.
Most of this paper is concerned with the quantum group GLq(n) and with
the quantum plane covariant under its coaction. In this case, the realization
mentioned above is especially simple. For instance, the basic vector fields
of the quantum Lie algebra of GLq(n) are realized by differential operators
on the quantum plane, linear in the coordinates and their corresponding
derivatives. For other quantum groups the realization is more complicated
and requires quantum pseudodifferential operators, i.e. non-linear functions
of the coordinates and the derivatives. This is shown explicitly for SLq(n)
in section 4. A general procedure for obtaining such realizations, applicable
to other quantum groups, is also outlined.
In section 2 we collect some well known properties of Hopf algebras, ac-
tions and coactions which we shall use later, mostly in order to establish
our notation. We also review the extended differential calculus on quantum
groups, with special emphasis on GLq(n). In section 3 we use these results
to work out the extended calculus on the quantum plane. In section 4 we ex-
plain how, for groups other than GLq(n), the vector fields are realized on the
corresponding quantum space by means of quantum pseudodifferential oper-
ators. Finally, in the appendix, we give explicitly all commutation relations
of the extended calculus for the two-dimensional quantum plane.
2 Preliminaries
We collect here, in the interest of self-containment, several definitions and
results that we will need later. Detailed treatments of the topics touched
upon here can be found in the references.
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2.1 Hopf Algebras, Actions And Coactions
We start with the definition of a Hopf algebra [1, 3, 11]. An associative unital
algebra A over a field k is called a Hopf algebra if it posesses a coproduct
∆ : A → A⊗A, a counit ǫ : A → k and an antipode S : A → A which obey:
∆(ab) = ∆(a)∆(b) (3)
ǫ(ab) = ǫ(a)ǫ(b) (4)
(∆⊗ id) ◦∆ = (id⊗∆) ◦∆ (5)
(ǫ⊗ id) ◦∆ = id (6)
(id⊗ǫ) ◦∆ = id (7)
·(S ⊗ id) ◦∆(a) = ǫ(a)1A (8)
·(id⊗S) ◦∆(a) = ǫ(a)1A (9)
∆(1A) = 1A ⊗ 1A (10)
ǫ(1A) = 1. (11)
We will often use the Sweedler notation for the coproduct:
∆(a) ≡
∑
i
ai(1) ⊗ a
i
(2) ≡ a(1) ⊗ a(2) . (12)
Also:
(∆⊗ id) ◦∆(a) ≡ a(1) ⊗ a(2) ⊗ a(3) (13)
and so on for higher powers of the coproduct.
Two Hopf algebras U and A are said to be dually paired if there exists a
non-degenerate inner product 〈·, ·〉 : U ⊗ A → k which relates the two Hopf
structures as follows (x, y ∈ U , a, b ∈ A):
〈x, ab〉 =
〈
x(1), a
〉 〈
x(2), b
〉
(14)
〈xy, a〉 =
〈
x, a(1)
〉 〈
y, a(2)
〉
(15)
〈1U , a〉 = ǫ(a) (16)
〈x, 1A〉 = ǫ(x) (17)
〈S(x), a〉 = 〈x, S(a)〉 . (18)
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We will assume, as is the case in the applications we consider, that S−1 exists.
An algebra that satisfies the Hopf algebra conditions except those involving
the antipode is called a bialgebra. Given an algebra B and a bialgebra A, we
say “A coacts from the right on B” if there exists a coaction ∆A : B → B⊗A
satisfying (b, c ∈ B):
∆A(bc) = ∆A(b)∆A(c) (19)
(∆A ⊗ id) ◦∆A = (id⊗∆) ◦∆A (20)
(id⊗ǫ) ◦∆A(b) = b (21)
∆A(1B) = 1B ⊗ 1A. (22)
We will use a Sweedler-like notation for coactions:
∆A(b) ≡
∑
i
b
(1)
i ⊗ b
(2′)
i ≡ b
(1) ⊗ b(2
′) (23)
where, we remind the reader, b(1) ⊗ b(2
′) ∈ B ⊗A.
An algebra A acts from the left on an algebra B if there exists a map
⊲ : A⊗ B → B, a⊗ b 7→ a ⊲ b, satisfying (a, a′ ∈ A, b ∈ B):
(aa′) ⊲ b = a ⊲ (a′ ⊲ b) (24)
1A ⊲ b = b. (25)
Right coactions of A on B give rise to actions from the left of A∗ (the dual
of A) on B according to (a ∈ A∗, b ∈ B):
a ⊲ b ≡ b(1)
〈
a, b(2
′)
〉
. (26)
Given two dually paired Hopf algebras U and A, one can construct a new
algebra, their semidirect product A×U , in the following way: as a vector
space, A×U is the tensor product of A and U . The product in A×U is
defined as (a, b ∈ A, x, y ∈ U):
(a⊗ x)(b⊗ y) = a(x(1) ⊲ b)⊗ x(2)y
≡ ab(1)
〈
x(1), b(2)
〉
⊗ x(2)y. (27)
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2.2 Extended Calculus On Quantum Groups
The concepts presented above are fully employed in the description of Quan-
tum Groups [2, 13]. We examine here the case of Funq(GL(n)) [7, 9]. Let A
be the algebra generated by the unit 1A and the elements Aij of an n × n
matrix A modulo the relations:
Rˆ12A1A2 = A1A2Rˆ12 (28)
The n2 × n2 matrix Rˆ is a solution of the quantum Yang-Baxter equation:
Rˆ12Rˆ23Rˆ12 = Rˆ23Rˆ12Rˆ23 (29)
and satisfies the characteristic equation:
Rˆ2 − λRˆ − 1 = 0, λ ≡ q − q−1 . (30)
The explicit form of Rˆ is given by Rˆij,kl = Rji,kl where R is the GLq(n)
R-matrix of [7], given by:
R = q
∑
i
eii ⊗ eii +
∑
i 6=j
eii ⊗ ejj + λ
∑
i>j
eij ⊗ eji (31)
where i, j = 1, . . . , n and eij is the n× n matrix with single nonzero element
(equal to 1) at (i, j). The above algebra can be endowed with a Hopf structure
via the definitions:
∆(Aij) = Aik ⊗ Akj (32)
ǫ(Aij) = δij (33)
S(Aij) = (A
−1)ij . (34)
We now construct U so that A and U are dually paired Hopf algebras. U is
generated by the unit 1U and the elements Xij of the matrix X whose inner
product with the generators of A is given by:
〈X1, A2〉 = λ
−1(1− Rˆ2)12 (35)
〈X, 1A〉 = 0 (36)
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and satisfy:
Rˆ12X2Rˆ12X2 −X2Rˆ12X2Rˆ12 = λ
−1(Rˆ212X2 −X2Rˆ
2
12) . (37)
Notice that for GLq(n), the right hand side of (35) simplifies to −Rˆ12 due to
the characteristic equation (30) - we leave it as is though since this form is
valid for other quantum groups as well.
The coproduct of Xij is of the form:
∆(Xij) = Xij ⊗ 1U +Oij,kl ⊗Xkl (38)
(with Oij,kl ∈ U typically non-linear in the Xij ’s) and gives rise to the fol-
lowing X − A commutation relations in A×U :
X1A2 = A2Rˆ12X2Rˆ12 + λ
−1A2(1− Rˆ
2)12 . (39)
One can now introduce an (undeformed) exterior derivative d which maps
k-forms to k + 1-forms (functions being 0-forms) and satisfies:
d2 = 0 (40)
(dfg) = (df)g + (−1)kf(dg)
≡ df g + (−1)kf dg (41)
where g is any form and f is a k-form †. The matrix Ω of Cartan-Maurer
forms is given by [9, 17]:
Ω ≡ A−1dA = −dA−1 A (42)
and satisfies:
Ω1A2 = A2Rˆ
−1
12 Ω2Rˆ
−1
12 (43)
Ω1dA2 = −dA2Rˆ
−1
12 Ω2Rˆ12 . (44)
†(df) is the action of d on f (the differential of f), denoted by df (to be read as a
single symbol)
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Inner derivations iX and Lie derivatives £X complete the construction. They
obey, among other, the relations:
i1U = 0 (45)
iX1A2 = ((X1)(1) ⊲ A2)i(X1)(2)
= A2Rˆ12iX2Rˆ12 (46)
iX1dA2 = X1 ⊲ A2 − d((X1)(1) ⊲ A2)i(X1)(2) (47)
£X ≡ iXd+ diX (48)
£Xd = d£X . (49)
Using Ω instead of dA and substituting explicit expressions for the inner
products that occur in (47) we get:
Rˆ12iX2Rˆ12Ω2 = −Ω2Rˆ12iX2Rˆ12 + λ
−1(1− Rˆ2)12 . (50)
We undertake now the task of letting the structure described above induce
a corresponding one on the quantum plane - this is the subject of the next
section.
3 Extended Calculus On The Quantum Plane
We work in the following with the (non-commutative) algebra P of functions
on the quantum plane, generated by the unit 1P and the coordinates xj , j =
1, . . . , n which satisfy:
x2x1 = q
−1Rˆ12x2x1 (51)
(notice that the above can be obtained from the “standard” quantum plane
of [5, 12] by letting q → q−1 and remembering that Rˆ12(q
−1) = Rˆ−121 (q)). The
algebra P admits the right coaction ∆A : P → P⊗A (withA ≡ Funq(GL(n))
defined on the generators xk by:
∆A(xk) = xl ⊗ (A
−1)kl (52)
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(A is a GLq(n) matrix) and extended to the whole of P multiplicatively - we
take of course ∆A(1P) = 1P ⊗ 1A. Our next step will be to give commuta-
tion relations between elements of A×U and P. To accomplish this, notice
that (52) allows us to embed P in P⊗A×U (since A×U contains A as a sub-
algebra) via xi 7→ x
(1)
i ⊗x
(2′)
i . Then, the trivial embeding A×U → 1P⊗A×U
allows us to compute, for example, commutation relations between elements
of U and P (χ ∈ U ):
χxi 7→ (1⊗ χ)∆A(xi)
= x
(1)
i ⊗ (x
(2′)
i )(1)
〈
χ(1), (x
(2′)
i )(2)
〉
χ(2)
= (x
(1)
i )
(1) ⊗ (x
(1)
i )
(2′)
〈
χ(1), x
(2′)
i
〉
χ(2)
= ∆A(x
(1)
i )
〈
χ(1), x
(2′)
i
〉
(1⊗ χ(2))
⇒ χxi = x
(1)
i
〈
χ(1), x
(2′)
i
〉
χ(2). (53)
We will now specify χ to be one of the bicovariant generators Xkl introduced
in the previous section. Using (38) for their coproduct and remembering that
i1U = 0, we find:
iXklxi = x
(1)
i
〈
Okr,ls , x
(2′)
i
〉
iXsr . (54)
To facilitate upcoming computations, we introduce now a simplified notation
as follows. We write for the coaction of xi:
xi = (A
−1)ijx¯j (55)
where x¯j are some “fixed” coordinates on the plane and the elements of A are
taken to commute with them. To compute explicitly the relations implied
by (54) we start from the i− A commutation relations of (47) to get:
i1A2 = A2Rˆ12i2Rˆ12
⇒ A−12 i1 = Rˆ12i2Rˆ12A
−1
2 . (56)
Multiplying now from the right by x¯2 (which commutes with i1 as well) we
find:
x2i1 = Rˆ12i2Rˆ12x2 . (57)
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In the same spirit, we introduce the differentials dxi via:
dxi = d((A
−1)ij)x¯j = −Ωijxj . (58)
With the help of (43), this implies:
(dx2)x1 = qRˆ12x2(dx1) (59)
while (44) similarly induces:
dx2dx1 = −qRˆ12dx2dx1 . (60)
On the other hand, using the general relation (47) we get (ikl ≡ iXkl ):
ikldxi = xj
〈
Xkl, A
−1
ij
〉
− dxj
〈
Okr,ls, (A
−1)ij
〉
irs . (61)
Considering the first term in (61) we would like now to realize the inner
derivations ikl of the quantum group in terms of inner derivations ik on the
plane via:
ikl ∼ xm
〈
Xkl, A
−1
nm
〉
in
≡ Qkn,ml xm in . (62)
Substitution in (61) gives:
Qkr,sl xs ir dxi = Qki,jlxj −Qrm,ns
〈
Okl,rs, (A
−1)ij
〉
dxj xn im . (63)
We now attempt to extract ik − dxl commutation relations from this equa-
tion. To succeed in this, it will be necessary to resort to explicit numerical
computation that will parallel the above. We start from (50) and use (58)
to get:
i2Rˆ12(dx2) = x2 − Rˆ
−1
12 (dx2)i1 (64)
(this is the explicit form of (61)). It is time now for some R-matrix trickery.
Written out explicitly in terms of indices, (64) gives:
ikk′Rk′i,jk′′ dxk′′ + Rˆ
−1
ik,i′k′ dxk′ ii′j = xk δij . (65)
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However, the R-matrix satisfies:
Rt112 = D1R˜12D
−1
1 or:
Rk′i,jk′′ = DjD
−1
k′ R˜ji,k′k′′ (66)
where:
Dij ≡ Diδij = diag(q
−2n+1, q−2n+3, . . . , q−1) (67)
and R˜ ≡ ((R−1)t1)−1 (with t1 denoting transposition in the first space). Using
this in (65) we get:
DjD
−1
k′ R˜ji,k′k′′ ikk′ dxk′′ = xk δij − Rˆ
−1
ik,i′k′ dxk′ ii′j ⇒
⇒ D−1p ikp dxq = −D
−1
j (R
−1)t1pq,ji(R
−1)t1ik,i′k′ dxk′ ii′j
+D−1i (R
−1)t1pq,ii xk . (68)
A second property of R comes now to our help:
D−1i R
−1
iq,pi = δqp (69)
so that (68) becomes:
D−1p ikpdxq = −D
−1
j (R
−1)t1pq,ji(Rˆ
−1)ik,i′k′ dxk′ ii′j + δqp xk . (70)
Before realizing ikl according to (62) we extract the inner product that ap-
pears in (62) from the X −A commutation relations (39). Using the charac-
teristic equation for Rˆ, it becomes:
〈
Xkl, A
−1
nm
〉
= δkmDln, (71)
so that the realization of ikl on the plane is given by:
ikl ∼ Dlsxkis . (72)
Substituting this in (70) we find:
xk ip dxq = −D
−1
j (R
−1)t1pq,ji(Rˆ
−1)ik,i′k′ dxk′ xi′ Dj ij
+xk δqp (73)
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or, with the help of (59):
xk (ip dxq + qRˆ
−1
jq,ip dxi ij − δqp) = 0. (74)
The factor in perentheses supplies us with ip − dxq commutation relations:
ip dxq = δpq − qRˆ
−1
jq,ip dxi ij . (75)
A similar computation, starting from (47), gives:
ip xq = q
−1Rˆ−1jq,ip xi ij . (76)
We wish now to include partial derivatives ∂r with respect to the coordinates
xr as well as Lie derivatives £s . The former we introduce by realizing the
vector fields Xkl via:
Xkl ∼
〈
Xkl, A
−1
rs
〉
xs∂r
= Dlr xk∂r . (77)
Starting from:
D−1p Xkp xq = xk δqp +D
−1
j (R
−1)jq,pi(Rˆ
−1)ik,i′k′ xk′ Xi′j (78)
(easily derivable from the X −A commutation relations), we obtain:
∂pxq = δqp + q
−1Rˆ−1jq,ip xi∂j (79)
and similarly, making use of the characteristic equation for Rˆ:
∂p dxq = qRˆjq,ip dxi ∂j . (80)
On the other hand, (79) and the X −X commutation relations give:
∂k∂l = q
−1Rˆpq,kl∂p∂q . (81)
An exterior derivative d on the plane is given by:
d ≡ dxi∂i ; (82)
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it realizes the action of d on the plane implied by (58) so that it satisfies
relations analogous to (41):
d
2 = 0 (83)
dα = dα+ (−1)kαd (84)
where α is a k-form on the plane - in particular: dxi = dxi + xid.
We may now complete the extended calculus structure on the quantum
plane by introducing the Lie derivatives £s , in the canonical way, through:
£s ≡ isd+ d is . (85)
These enter naturally in the realization of £kl (≡ £Xkl):
£kl = ikld+ d ikl
∼ xk Dls is d+ dxk Dls is
= xk Dls is d+ dxk Dls is + xk Dls d is
⇒ £kl ∼ xk Dls £s + dxk Dls is. (86)
Their commutation relations with the coordinates xi are now easily com-
puted:
£p xq = (d ip + ip d)xq
= dq−1(Rˆ−1)jq,ip xi ij + ipdxq + ip xqd
= q−1(Rˆ−1)jq,ip (dxi + xid) ij + δpq − q(Rˆ
−1)jq,ip dxi ij
+q−1(Rˆ−1)jq,ip xi ij d⇒
⇒ £p xq = δpq + q
−1(Rˆ−1)jq,ip xi £j − λ(Rˆ
−1)jq,ip dxi ij. (87)
Notice the appearance of a term, absent in the classical case, which is bilinear
in the differentials and the inner derivations. Proceeding similarly, we find:
£p dxq = q(Rˆ
−1)jq,ip dxi £j . (88)
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The following, easily verifiable, identities are often useful in computations:
d£p = £pd (89)
d∂p = q
−2∂pd (90)
∂p = q
2
dip + ipd . (91)
To complete the description of the above scheme, we give below the remaining
commutation relations among the generators of the extended calculus:
£p∂q = q
−1Rˆji,pq∂j£i (92)
ip∂q = qRˆji,pq∂jii (93)
£p£q = q
−1Rˆji,pq£j£i (94)
£piq = q
−1Rˆji,pqij£i (95)
ipiq = −qRˆji,pqijii . (96)
The explicit form, for n = 2, of this extended calculus is given in the ap-
pendix.
4 Realizations Via Pseudodifferential Opera-
tors
We wish now to remark briefly on the case of other quantum groups. We
start with SLq(n) and follow the approach and conventions of [9]. It will be
convenient in the following to introduce the matrix Y of vector fields [8, 10]
on GLq(n) through:
Y = 1− λX . (97)
One can define a determinant-like quantity DetY ≡ q2H0, the precise defini-
tion of which can be found in [10, 16] , which is homogeneous of degree n in
the Yij’s and commutes with them. Vector fields V on the group manifold of
SLq(n) can now be defined via:
1− λV ≡ Z ≡ q−2H0/nY = q−2H0/n(1− λX) . (98)
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The determinant of Z, using the same definition as for that of Y , is found
to be equal to 1 and this restricts the number of generators to n2 − 1. Non-
homogeneous constraint equations like this, do not allow realizations of the
action of the Vij’s on the plane bilinear in the coordinates and the derivatives.
However, (98) offers a realization in terms of pseudodifferential operators. We
will need the relation:
q2H0A = q2Aq2H0 (99)
to make this precise. Indeed, the above equation implies:
q2H0xi = q
−2xiq
2H0 . (100)
On the other hand, one easily verifies that:
(1− q−1λx · ∂)xi = q
−2xi(1− q
−1λx · ∂) (101)
which permits the realization:
Vij = λ
−1(1− q−2H0/n)δij + q
−2H0/nXij
∼ λ−1(1− (1− q−1λx · ∂)−
1
n )δij
+(1− q−1λx · ∂)−
1
nxiDjr∂r. (102)
The above approach clearly relies on the fact that Vij can be obtained in terms
of the unconstrainedXij which admit simple bilinear realizations. Such a con-
struction is not known for other quantum groups like, for example, SOq(n).
Nevertheless, it is not hard to outline a general procedure for obtaining real-
izations, valid for those groups as well. We will use SLq(2) as an illustrative
example. In this case, starting from (39), one can compute the action of the
V ’s on monomials in the coordinates, ordered according to some standard
ordering. We use the notation:
V =

 v1 v+
v− v2

 , x1 ≡ x, x2 ≡ y (103)
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and find, for example:
v− ⊲ x
kyl = q−2−l[k]qx
k−1yl+1 (104)
where [k]q ≡ (1− q
2k)/(1− q2). Regard, for the moment, the above equation
as referring to classical variables. Then it is easy to realize v− in terms of
classical coordinates and derivatives:
v− ∼ y
′∂′xq
−2−L [K]q
K
(105)
where K ≡ x′∂′x, L ≡ y
′∂′y and the primes are there to remind us that we are
dealing with classical quantities. It is well known that quantum derivatives
(acting on quantum coordinates) can be expressed in terms of classical pseu-
dodifferential operators (acting on the corresponding classical coordinates)
via invertible maps [4]. For example, in the case we are considering:
∂x ∼ ∂
′
x
[K]q−1
K
q−2L, ∂y ∼ ∂
′
y
[L]q−1
L
q−K . (106)
Inverting these and substituting in (105) we find, in agreement with (102):
v− ∼ q
−3(1− q−1λ(x∂x + y∂y))
−1/2y∂x . (107)
Maps like the above are known for SLq(n) and SOq(n) [4]. Clearly then, a
computation along the same lines can provide realizations for the Lie algebra
generators of them as well.
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A Extended Calculus On The 2-D Quantum
Plane
The Rˆ-matrix for GLq(n) is:
Rˆ =


q 0 0 0
0 λ 1 0
0 1 0 0
0 0 0 q


, λ ≡ q − q−1. (108)
Using this, and the definitions:
ξ ≡ dx− xd, η ≡ dy − yd (109)
(with dξ + ξd = dη + ηd = 0), the general formulas of section 3 give (we
remind the reader that the calculus presented here differs from that of [12]
by the substitution q 7→ q−1):
xy = q−1yx
xξ = q−2ξx
xη = q−1ηx− q−1λξy
yξ = q−1ξy
yη = q−2ηy
∂xx = 1 + q
−2x∂x − q
−1λy∂y
∂xy = q
−1y∂x
∂yx = q
−1x∂y
∂yy = 1 + q
−2y∂y
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£xx = 1 + q
−2x£x − q
−1λy£y − q
−1λξix + λ
2ηiy
£xy = q
−1y£x − ληix
£yx = q
−1x£y − λξiy
£yy = 1 + q
−2y£y − q
−1ληiy
ixx = q
−2xix − q
−1λyiy
ixy = q
−1yix
iyx = q
−1xiy
iyy = q
−2yiy
ξξ = 0
ηη = 0
ξη = −qηξ
∂xξ = q
2ξ∂x
∂xη = qη∂x
∂yξ = qξ∂y
∂yη = q
2η∂y + qλξ∂x
£xξ = ξ£x − qλη£y
£xη = qη£x
£yξ = qξ£y
£yη = η£y
ixξ = 1− ξix + qληiy
ixη = −qηix
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iyξ = −qξiy
iyη = 1− ηiy
∂x∂y = q∂y∂x
£x∂x = ∂x£x
£x∂y = q
−1∂y£x + q
−1λ∂x£y
£y∂x = q
−1∂x£y
£y∂y = ∂y£y
ix∂x = q
2∂xix
ix∂y = q∂yix + qλ∂xiy
iy∂x = q∂xiy
iy∂y = q
2∂yiy
£x£y = q£y£x
£xix = ix£x
£xiy = q
−1
iy£x + q
−1λix£y
£yix = q
−1
ix£y
£yiy = iy£y
ixix = 0
iyiy = 0
ixiy = −q
−1
iyix
18
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